同変写像の写像度について (変換群論とsurgery) by 原, 靖浩
Title同変写像の写像度について (変換群論とsurgery)
Author(s)原, 靖浩








Graduate School of Science, Osaka University
1 ff
$R^{n+1}$ $S^{n}$ $Z_{2}$ $g\cdot x=-x$ (g $Z_{2}$ )
( ). Borsuk-Ulam
.
Borsuk-Ulain . $S^{m}$ $S^{n}$ $Z_{2}$- $m\leqq n$ .
Borsuk-Ulam ,
$(\mathrm{c}.\mathrm{f}. [7])$ . Fadell Husseini [2] (ideal-valued
cohomological) index , Borsuk-Ulam . $G$ Lie
, $EGarrow BG$ $G$ $G$- , Fadell Husseini index , $G$- $X$
, $cx$ : $Xarrow*$ (1 $*$ )
bmel
$\mathrm{I}\mathrm{n}\mathrm{d}^{G}(X;K)=\mathrm{K}\mathrm{e}\mathrm{r}(\mathrm{c}_{X}^{*} : H_{G}^{*}(*;K)arrow H_{G}^{*}(X;K))$ $(K[]\mathrm{h}\text{ })$
. $H_{G}^{*}(*;K)\cong H^{*}(BG, ; K)$ , $\mathrm{I}\mathrm{n}\mathrm{d}^{G}$ (X; $K$) $H^{*}(BG;K)$
ideal . , $X$ $G$- , $\tilde{\alpha}$ : $Xarrow EG$ G-
, $\tilde{\alpha}$ $\alpha$ : $X/Garrow BG$
$\alpha^{*}$ : $H$*(BG; $K$) $arrow H^{*}(X/G;K)$ kernel $\mathrm{I}\mathrm{n}\mathrm{d}^{G}$(X; $K$) . index
.
([2]). $X,$ $\mathrm{Y}$ $G$- , $G$- $f$ : $Xarrow \mathrm{Y}$ ,
$\mathrm{I}\mathrm{n}\mathrm{d}^{G}(X;K)\supset \mathrm{I}\mathrm{n}\mathrm{d}^{G}(\mathrm{Y};K)$
. ,
$\mathrm{I}\mathrm{n}\mathrm{d}^{Z_{2}}$ (Sn, $Z_{2}$ ) Borsuk-Ulam






, $k\in Z$ ,
$\mathrm{I}\mathrm{n}\mathrm{d}_{k}^{G}(X;K)=\mathrm{I}\mathrm{n}\mathrm{d}^{G}(X;K)\cap H^{k}(\cdot BG;K)=\mathrm{K}\mathrm{e}\mathrm{r}(c_{X}^{*} : H_{G}^{k}(*;K)arrow H_{G}^{k}(X;K))$
.
$G$ Lie , $M,$ $N$ $n$ $G$- , $M,$ $N$
$G$- ’ . , $H^{n-\dim G}(M/G;Z_{2})\cong Z_{2}$
$\mathrm{I}\mathrm{n}\mathrm{d}3_{\dim}$ $(M; Z_{2})$ $H^{n-\dim G}$(BZ2; $Z_{2}$ ) 1 2 . $\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}$(N; $Z_{2}$ )
. , $G$- $f$ : $Marrow N$ index
$\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(N;Z_{2}|),$ $\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(M;Z_{2})$ ,
$\cdot$
$\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(N;Z_{2})=\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}$ ($M$ ;Z2)\neq Hn-di $G$ (BG; $Z_{2}$ )
$\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(N;Z_{2})\neq \mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(M;Z_{2})=H^{n-\dim G}(BG;Z_{2})$
$\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(N;Z_{2})=$ Ind$n-\dim GG(M;Z_{2})=H^{n-\dim G}(BG;Z_{2})$
3 . 2 , .
1.1. $G$ Lie , $M,$ $N$ $n$ G- ,
$M,$ $N$ $G$- . ,
(1) $\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(N;Z_{2})=\mathrm{I}\mathrm{n}\mathrm{d}_{n-\mathrm{d}\mathrm{i}\dot{\mathrm{m}}G(}^{G}$ M; $Z_{2}$ ) $\neq H^{n-\dim G}(BG;Z_{2})$ , G-
$f$ : $Marrow N$ $f^{*}.-H^{n}$ (N; $Z_{2}$ ) $arrow H^{n}$ (M: $Z_{2}$ ) . , $M$
$N$ , $M$ $N$ G- .
(2) $\mathrm{I}\mathrm{n}\mathrm{d}_{n}^{G}$-di $G$ (N; $Z_{2}$ ) $\neq \mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(M;Z_{2})=H^{n-\dim G}(BG;Z_{2})$ , G-
$f$ : $Marrow N$ $f^{*}$ : $H^{n}$ (N; $Z_{2}$ ) $arrow H^{n}$ (M; $Z_{2}$ ) . , $M$
$N$ , $M$ $N$ $G$- $\dot{\text{ }}$ .
$\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(N;Z_{2})=\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(M;Z_{2})=H^{n-\dim G}(BG;Z_{2})$
, ,
.
$M,$ $N$ $M/G,$ $N$/G $\#$ }. , $Z_{p}$ ($p$ )
1.1 .
L2. $G$ Lie , $M,$ $N$ $n$
$G$- . , $M,$ $N$ $G$- , $M/G,$ $N$/G
. , $p$
(1) $\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(N;Z_{p})=\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(M;Z_{p})\neq H^{n-\dim G}(BG;Z_{p})$ , $M$
$N$ $G$- $p$ .
(2) $\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(N;Z_{p})\neq \mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(M;Z_{p})=H^{n-\dim G}(BG;Z_{p})$ , $M$




$G$ Lie , $X$ free $G$-CW . $X/G$ $X$
$G$ , $p$ : $Xarrow X/G$ .
$\tau$ : $S(X/G)arrow$ S(X) $\text{ }$
$\tau(c)=\sum_{g\in G}g\#^{\tilde{\mathrm{C}}}$
,
. , $p\#(\tilde{\mathrm{c}})$ $=c$ $S$ (X) , $g\#$ : $S(X)arrow S$(X)
$g\in G$ $X$ $X$ .
–
$\tau_{*}$ : $H_{*}(X/G;\Gamma)arrow H_{*}(X;\Gamma)$ , $\tau^{*}:$ $H^{*}(X;\Gamma)arrow H^{*}(X/G;\Gamma)$
. $\Gamma$ .
$G$
. $Farrow Earrow Bp$ , $F$ , $i>n$
$H^{:}(F;Z)\cong 0,$ $H^{n}$ (F; $Z$) $\cong Z$ . , $\pi_{1}(B)$ $H^{n}$ (F; $Z$)
. , Serre ,
.
$p!$ : $H^{\iota}(E;\Gamma)arrow E_{\infty}^{i-n,n}rightarrow E_{2}^{l-n,n}\cong H^{\overline{\iota}-n}(B;\{H^{n}(F;\Gamma)\})\cong H^{i-n}(B;\Gamma)$ .
, $G$ Lie , $G_{0}$ $G$ . $G_{0}$ $G$
, $G/G_{0}$ . $p_{1}$ : $Xarrow X/G_{0}$ $G_{0}$
, $(p_{1})_{!}$ : $H^{i}$ (X; $\Gamma$) $arrow H^{i-\dim G}(X/G_{0};\Gamma)$
. $p_{2}$ : $X/G_{0}arrow\Delta_{\frac{G_{0}}{G_{\mathrm{O}}}}\mathrm{x}c/\cong X/G$ $-\tau^{*}$ :
$H^{*}(X/G_{0};\Gamma)arrow H^{*}(X/G;\Gamma)$ . , $p:Xarrow X/G$
$-p!$ : $H^{i}$ (X; $\Gamma$) $arrow H^{i-\dim G}(X/G;\Gamma)$ $p!=\tau^{*}\mathrm{o}(p_{1})_{!}$ .
$\tau^{*}$ $(p_{1})_{!}$ .
2.1. $X,$ $\mathrm{Y}$ free $G$-CW , $f$ : $X\cdotarrow \mathrm{Y}$ $G$- . $px$ : $Xarrow X/G$
pY: $\mathrm{Y}arrow \mathrm{Y}/G$ :
$f$ : $X/Garrow \mathrm{Y}/G$ $G$-map $f$ : $Xarrow \mathrm{Y}$ .
. $X$ $G$ , $X/G$ . $-$
, $Z_{2}$ Gysin .
, $X$ $X/G$ ,
Gysin .
1J . $M,$ $N$ $n$ $G$ , $M/G,$ $N$/G
n-dim $G$ . , $H^{n}$ (M; $Z_{2}$ ), $H^{n-\dim G}(M/G;Z2)$ ,
$H^{n}$ (N; $Z_{2}$), $H^{n-\dim G}(N/G;Z2)$ $Z_{2}$ , $p_{M}$ :
$Marrow M/G,$ $p$N: $Narrow N/G$ $M,$ $N$ $G$ ,
-
$(p_{M})_{\mathrm{I}}$. : $H^{n}$ (M; $Z_{2}$ ) $arrow H^{n-\dim G}(M/G;Z2)$ $(p_{N})_{!}$ : $H^{n}$ (N; $Z_{2}$ ) $arrow$
$H^{n-\dim G}(N/G;Z2)$ .
$f:Marrow N$ $G$- , -f: $M/Garrow N/G$ $f$ . $\tilde{\alpha}$ : $Narrow EG$
$G$- , -f $\tilde{\alpha}$ $\alpha:..N/Garrow BG$ $\alpha\circ\overline{f}$
$(\alpha\circ\overline{f})^{*}:$ $H^{n-\dim G}(BG;Z_{2})arrow H^{n-\dim G}(M/G;Z2)$ kernel
$\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}$(M, $Z_{2}$ ) . , $\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim\grave{G}}^{G}$ (M; $Z_{2}$ ) $\neq H^{n-\dim G}(BG;Z_{2})$
, $(\alpha\circ\overline{f})^{*}=\overline{f}^{*}\circ\alpha$* . , $\neg f$ : $H^{n-\dim G}(N/G;Z2)$ ’
$H^{n-\dim G}(M/G;Z2)$ , $H^{n-\dim G}(N/G;Z_{2})\cong$
$H^{n-\dim G}(M/G;Z_{2})\cong Z_{2}$ $r$ . 2.1 $(p_{M})_{!}\mathrm{o}f^{*}=f\mathrm{o}\neg$ (pN),
: $\neg f$ : $(p_{M})_{!},$ $(p_{N})_{!}$ , $f^{*}$ : $H^{n}$ (N; $Z_{2}$ ) $arrow H^{n}$ (M; $Z_{2}$ )
$\circ$ .
$\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(N;Z_{2})\neq \mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(M;Z_{2})=H^{n-\dim G}(BG;Z_{2})$
. , $\neg f\circ\alpha^{*}$ :
$H^{n-\dim G}(BG;Z_{2})arrow\cdot H^{n-\dim G}(M/G;Z2)$ kernel $\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}(M, Z_{2})$ ,
$\mathrm{I}\mathrm{n}\mathrm{d}_{n-\dim G}^{G}$(N; $Z_{2}$ ) $\alpha^{*}$ : $H^{n-\dim G}$(BG; $Z_{2}$ ) $arrow H^{n-\dim G}(N/G;Z2)$ kernel
, $\overline{f}^{*}:$ $H^{n-\dim G}(N/G;Z_{2})arrow H^{n-\dim G}(M/G;Z2)$ .
$H^{n-\dim G}(N/G;Z_{2})\cong H^{n-\dim G}(M/G;Z_{2})\cong Z_{2}$
–
$f$ . 2.1
$(p_{M})_{!}\circ f^{*}=f\circ\neg(p_{N})_{!}$ : $(p_{M})_{!},$ $(p_{N})_{!}$ , $f^{*}$ : $H^{n}$ (N; $Z_{2}$ ) $arrow$
$H^{n}$ (M; $Z_{2}$ ) . I
12 $M$ $M/G$ , –
$(p_{M})_{!}$ : $H^{n}$ (M; $Z_{\mathrm{p}}$ ) $arrow H^{n-\dim G}$ ($M/G;Z$p) 1.1
.
3 \ulcorner ’\llcorner ‘
Borsuk-Ulam $Z_{2}$ ( ) ,
index ,
$\mathrm{I}\mathrm{n}\mathrm{d}_{n}^{Z_{2}}(S^{n};Z_{2})=\{e\}\neq H^{n}(BZ_{2;}Z_{2})\cong Z_{2}$
. (1) , $S^{n}$
Z2- .
5: $Z_{2}$ $n$ $S^{n}$ (
$S^{n}$ ), $Z_{2}$ $n$ index
, .
31. $M$ $n$ $Z_{2}$- , $M$ Z2-
. , $S^{n}$ . ,
(1) $M$ $S^{n}$ $Z_{2}$- , $\mathrm{I}\mathrm{n}\mathrm{d}_{n}^{Z_{2}}$ (M; $Z_{2}$ ) $\neq H^{n}$ (BG; $Z_{2}$).
(2) $M$ $S^{n}$ $Z_{2}$- , $\mathrm{I}\mathrm{n}\mathrm{d}_{ll}^{Z_{2}}(M;Z_{2})=H^{n}$ (BG; $Z_{2}$ ).
. $\tilde{\alpha}$ : $S^{n}arrow EZ_{2}$ Z2- , $\alpha$ : $RP^{n}arrow BZ_{2}$
$\alpha^{*}$ : $H^{n}$ (BZ2; $Z_{2}$ ) $arrow H^{n}$ (RPn; $Z_{2}$ ) .
, $f$ : $Marrow S^{n}$ Z2- $(p_{M})_{!}\mathrm{o}f^{*}=\overline{f}^{*}\mathrm{o}(ps^{n)_{!}}$ , $(p_{M})_{!}$ : $H^{n}$ (M; $Z_{2}$ ) $arrow$
$H^{n}(M/Z_{2;}Z2)$ ($pS^{n)_{!}}$ : $H^{n}$ (Sn; $Z_{2}$ ) $arrow H^{n}$ (RPn; $Z_{2}$ ) , $f$
$\neg f$ : $H^{n}(RP^{n};Z_{2})arrow H^{n}$ (M; $Z_{2}$ ) , $f$
$\neg f$ : $H^{n}(RP^{n};Z_{2})arrow H^{n}$ (M; $Z_{2}$ ) .
, $f$ $\neg f\mathrm{o}\alpha^{*}$ : $H^{n}$ (BZ2; $Z_{2}$ ) $arrow H^{n}$ (M; $Z_{2}$ )
$\mathrm{I}\mathrm{n}\mathrm{d}_{n^{2}}^{Z}$ (M; $Z_{2}$ ) $=\mathrm{K}\mathrm{e}\mathrm{r}(f\mathrm{o}\alpha^{*})\neg\neq H^{n}$ (BZ2; $Z_{2}$ ) . $f$ $\neg f$ $0$




$k$ , $g\in Z_{2}$ , $R^{3}$ $g$ (x, $y,$ $z$ ) $=(-x, -y, -z)$ $Z_{2}$
. $R^{3}$ $\Sigma_{k}$ 1 $Z_{2}$ , $\Sigma_{k}$
$Z_{2}$ .
, $S^{2}$ 1 $Z_{2}$- , $\mathrm{I}\mathrm{n}\mathrm{d}_{2}^{Z_{2}}(\Sigma_{k};Z_{2})\neq H^{2}(BZ_{2};Z2)$ .
$k$ 2 $Z_{2}$ . 1 $R^{3}$ $g$ (x, $y,$ $z$ ) $=(-x, -y, -z)$
$Z_{2}$ , $R^{3}$ $\Sigma_{k}$ . 2 $Z_{2}$
$Z_{2}$ .
$R^{3}$ $g(x, y, z)=(-x, -y, z)$ $Z_{2}$ , $R^{3}$ $\Sigma_{k}$
2 , $Z_{2}$ .
$y$
$\otimes\backslash 2$





(1) $k$ , $l$ , $\Sigma_{k}$ $\Sigma_{\mathrm{t}}$ Z2- .
(2) $k$ , $l$ , $\Sigma_{k}$ $\Sigma_{l}$ Z2- .
(3) $k,$ $l$ , $\Sigma_{k}$ $\Sigma_{l}$ $Z_{2}$- . , $k$ ,
$l$ $k<l$ $\Sigma_{k}$ $\Sigma_{l}$ Z2- .
(1), (2) (3) : (3)
.
$k,$ $l$ $k<l$ , $f$ : $\Sigma_{k}arrow\Sigma_{l}$ , $\dim H^{1}(\Sigma_{l;}Z_{2})>$
$\dim H^{1}(\Sigma_{k};Z2)$ $f^{*}$ : $H^{1}.$ (\Sigma l; $Z_{2}$ ) $arrow H^{1}(\Sigma_{k};Z2)$ kernel 0 .: $x\in$
$\mathrm{K}\mathrm{e}\mathrm{r}f^{*}-\{0\}$ , $y\in H^{1}(\Sigma_{l}.;Z2)$ $x\cdot y\neq 0(\in H^{2}(\Sigma_{l};Z2))$
. , $x\in \mathrm{K}\mathrm{e}\mathrm{r}7$’ $f^{*}(x\cdot y)=f^{*}(x)\cdot f^{*}(y)=0$ . $f$
.
32 (3) , $\text{ }$.
, Fadell Husseini index
.
Borsuk-Ulam




$V_{k}$ (Rm) $R^{m}$ $k$- Stiefel $(k<m)$ . (Rm)k
$O$ (k) , $V_{k}$ (Rm) $(R^{m})^{k}$
$O$ (k) $V_{k}(R^{m})$ $V_{k}$ (Rm) $O$ (k) .
.
3.3. $V_{k}$ (Rm) $V_{k}$ (Rm) O(k)- .
. $O$ (k) $K(R^{m})/O$ ( k) Grassmann $G_{k}$ (Rm) .
BO(k)=Gk(R $O$ (k) ,
$H^{*}(BO(k);Z_{2})=Z_{2}[w_{1}, w_{2}, \cdot.\tau, w_{k}]$
. $w_{i}$ $BO$(k) $k$- $i$ Stiefel-Whitney .
$i$ : $G_{k}(R^{m})arrow G_{k}(R^{\infty})=BO$ (k) , $i^{*}$ : $H^{*}$ ( $BO$(k); $Z_{2}$ ) $arrow$
$H^{*}$ ( $G_{k}$ (Rm); $Z_{2}$ ) kernel $\mathrm{I}\mathrm{n}\mathrm{d}^{O(k)}$ ( $V_{k}($Rm); $Z_{2}$ ) .
$i^{*}$ : $H$*(BO(k); $Z_{2}$ ) $arrow H^{*}(G_{k}(R^{m}))$. $Z$2) , $H^{*}$ ( $G_{k}($Rm); $Z_{2}$ ) $\cong$
$Z_{2}.$ [w1, $w_{2},$ $\cdot\cdot \mathrm{t},$ $w_{k}$ ] $/\mathrm{k}\mathrm{e}\mathrm{r}i$* $(\mathrm{c}.\mathrm{f}. [5,6])$ . $n=\dim G_{k}$ (Rm)
$i^{*}$ : $H^{n}$ ($BO$ (k); $Z_{2}$ ) $arrow H^{n}$ ( $G_{k}($Rm); $Z_{2}$ ) $\cong Z_{2}$ , $\mathrm{I}\mathrm{n}\mathrm{d}_{n}^{O(k)}$ ( $V_{k}($Rm.); $Z_{2}$ ) $\neq$
$H^{n}$ (B $O$ (k); $Z_{2}$ ) . $n=\dim V_{k}(R^{m})-\dim O$ (k) 1.1(y 33
. I
, $V_{k}(V)$ $Z_{2}$
$g$ (e1, $e_{2},$ $\cdots,$ $e_{k}$ ) $=(-e_{1}, -e_{2}, \cdots, -e_{k})$ (g $Z_{2}$ )
. , .
3.4. $k\geqq 2$ , $V_{k}$ (Rm) $S^{\dim V_{k}(R^{m})}$ $Z_{2}$- .
, Z2- .
. $p$ : $V_{k}^{\cdot}(R^{m})arrow S^{m-1}$ $p(e_{1}, \cdots, e_{k})=e_{1}$ . , $i$ : $S^{m-1}$ $arrow$
$S^{\dim V_{k}(}$. Rm) . , $n=\dim \mathrm{K}$ (R\rightarrow . $i\mathrm{o}p$ :
$V_{k}(R^{m})arrow S^{n}$ 0 . , 3.1
$\mathrm{I}\mathrm{n}\mathrm{d}_{n}^{Z_{2}}V_{k}(R^{m})\neq H^{n}$ (BZ2; $Z_{2}$ ) : 1.1 (2)
. 1
. 3.4 [1] . [1]
.
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